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Abstract
Given a function u belonging to a suitable Beppo–Levi or Sobolev space and an unbounded domain Ω
in Rn , we prove several Sobolev-type bounds involving the values of u on an infinite discrete subset A of
Ω . These results improve the previous ones obtained by Madych and Potter [W.R. Madych, E.H. Potter, An
estimate for multivariate interpolation, J. Approx. Theory 43 (1985) 132–139] and Madych [W.R. Madych,
An estimate for multivariate interpolation II, J. Approx. Theory 142 (2006) 116–128].
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1. Introduction
Sobolev-type bounds have deserved some attention in the fields of variational splines and
radial basis functions, mainly due to their application towards obtaining error estimates for some
interpolation and smoothing methods. See, for instance, Duchon [6], Madych and Potter [10],
Lo´pez de Silanes and Arcange´li [7], Bezhaev and Vasilenko [3], Narcowich et al. [12], Wendland
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and Rieger [16], Madych [9], Arcange´li et al. [2], and the references therein. Given a domain Ω
and suitable values of p, q ∈ [1,∞], these bounds typically yield estimates of the | · |l,q,Ω
Sobolev semi-norm of a function u on Ω in terms of the | · |r,p,Ω semi-norm of u, with r ≥ l, the
Hausdorff (or fill) distance between Ω and a discrete set A ⊂ Ω , and the values of u on A.
With the only exception of [9,10], the above quoted papers assume thatΩ is a bounded domain
(and so A is finite). In [10], W.R. Madych and E.H. Potter dealt with the case Ω = Rn . More
recently, W.R. Madych considered in [9] unbounded domains Ω satisfying a certain geometric
condition, called property (h, N ). Roughly speaking, this property means that Ω should be a
union of cubes, with sides of length between h and 2h, such that no more than N cubes intersect
on the same point of Ω (cf. Remark 5.7). For this class of domains, Madych proved the theorem
which follows and which we state in accordance with our notations (see Section 2 for definitions).
From now on, for any open set Ω ⊂ Rn and for any discrete set A ⊂ Ω (i.e. A being a subset of
Ω with no accumulation point), we shall write
δ(Ω , A) = sup
x∈Ω
dist (x, A), (1.1)
where dist (x, A) = infa∈A |x − a| stands for the Euclidean distance between x and A. Clearly,
δ(Ω , A)may be infinite when Ω is unbounded, and is just the Hausdorff distance between A and
Ω when Ω is bounded. Moreover, for any function v defined on A and for any ~ ∈ [1,∞], we
shall use the notation
‖v|A‖~ =

(∑
a∈A
|v(a)|~
)1/~
, if ~ <∞,
sup
a∈A
|v(a)|, if ~ = ∞.
(1.2)
Theorem 1.1 (Madych [9, Theorem 3.5 and Proposition 4.1]). Let Ω be a domain in Rn with
property (h, N ), for suitable constants h and N. Let p, q ∈ [1,∞], with p ≤ q, and let r be
an integer such that r > n/p, if 1 < p ≤ ∞, and r ≥ n, if p = 1. Then, there exist two
positive constants d0 and C satisfying the following property: for any discrete set A ⊂ Ω such
that δ(Ω , A) ≤ d0 and for any u ∈ W˙ r,p(Ω), one has
|u|0,q,Ω ≤ C
(
δ(Ω , A)r−n(1/p−1/q)|u|r,p,Ω + δ(Ω , A)n/q‖u|A‖p
)
, (1.3)
where W˙ r,p(Ω) is the Beppo–Levi space {v ∈ D′(Ω) | |v|r,p,Ω < ∞} and ‖u|A‖p is given by
(1.2) with ~ = p.
Remark 1.2. The previous conditions on r and p imply that functions in W˙ r,p(Ω) are continuous
(cf. Remark 2.3) but not necessarily in Lq(Ω). On the other hand, if A is infinite, ‖u|A‖p may be
worth +∞. The theorem makes sense when u|A belongs to `p and, then, shows that u ∈ Lq(Ω)
and that the right-hand side of (1.3) is an estimate of the Lq(Ω) norm of u in terms of the `p
norm of its values on A and its | · |r,p,Ω semi-norm. Of course, if u is null on A, (1.3) is always
valid and gives rise to an estimate of the Lq(Ω) norm of u from its | · |r,p,Ω semi-norm. 
The purpose of this work is to widen the scope of Theorem 1.1 in three directions: the
extension to Beppo–Levi (or Sobolev) spaces of non-integer order, the obtention of bounds also
for derivatives, and the enlargement of the class of domains Ω for which the theory holds.
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The outline of the paper proceeds as follows. In Section 2 we recall the main notations and
notions used in this work, paying particular attention to the definition of some Sobolev and
Beppo–Levi spaces. We give a useful imbedding result concerning the space W˙ r,p(Ω).
Our key idea to prove a Sobolev estimate for a suitable unbounded domain Ω consists of three
steps: we first express Ω as the union of an increasing sequence of bounded domains ων , we
then apply a well-established Sobolev estimate to every set ων , and we finally pass to the limit
in these estimates as ν → ∞. We start to develop this idea in Section 3, where we adapt the
Sobolev bound given in [2, Theorem 4.1]. Next, in Section 4, we introduce and exemplify the
so-called property C[ρ, θ] which characterizes the unbounded domains of Rn that we consider,
and then we prove our main result (cf. Theorem 4.5).
In Section 5, we weaken the hypothesis on the functions to which our main result applies. We
achieve this goal by imposing, in addition to property C[ρ, θ], a condition based on the notion
of affine-equivalence (cf. Theorem 5.4). The complementary results developed at the beginning
of Section 5 also serve us to establish a direct generalization of Theorem 1.1, valid even for
bounded domains. In such a result (cf. Theorem 5.8), the open set Ω is assumed to satisfy a new
geometric condition, called property U[ρ, θ, ω̂], which comprises Madych’s property (h, N ) as
a particular case.
2. Preliminaries
2.1. Basic notations
For any x ∈ R, we shall write bxc and dxe for the floor (or integer part) and ceiling of x , that
is, the unique integers satisfying bxc ≤ x < bxc+ 1 and dxe− 1 < x ≤ dxe. Likewise, we shall
write (x)+ = max{x, 0}.
The letter n will always stand for an integer belonging toN∗ = N\{0} (by convention, 0 ∈ N).
The Euclidean norm in Rn will be denoted by | · |. For any set O in Rn , we shall write O for the
closure of O. For any t ∈ Rn and for any δ > 0, we shall denote by B(t, δ) the open ball with
centre t and radius δ.
For any k ∈ N, we shall denote by Pk the space of polynomial functions defined on Rn of
total degree less than or equal to k.
For any α = (α1, . . . , αn) ∈ Nn , we write |α| = α1+· · ·+αn and ∂α = ∂ |α|/
(
∂xα11 · · · ∂xαnn
)
,
x1, . . . , xn being the generic independent variables in Rn .
From now on, the term domain means a non-empty, connected open set in Rn . Likewise, we
shall use the expression Lipschitz-continuous boundary in the sense of Necˇas [13]. It can be seen
(cf., for example, Adams [1]) that any bounded domain Ω ⊂ Rn with a Lipschitz-continuous
boundary satisfies, for some θ ∈ (0, pi/2] and ρ > 0, the cone property with radius ρ and
angle θ , that is, for every x ∈ Ω , there exists a unit vector ξ(x) ∈ Rn such that the cone
C(x, ξ(x), θ, ρ) = {x + hη | η ∈ Rn, |η| = 1, η · ξ(x) ≥ cos θ, 0 ≤ h ≤ ρ} (2.1)
is contained in Ω (above, the dot symbol · is the Euclidean scalar product in Rn). We recall that
the radius of the greatest ball contained in C(x, ξ(x), θ, ρ) is just ρ/τ , with τ = 1+ 1/ sin θ .
Hereafter, the expression L[ρ, θ]-domain will be a shorthand for bounded domain with a
Lipschitz-continuous boundary satisfying the cone property with radius ρ and angle θ . We shall
also need the following result.
Lemma 2.1. Let θ ∈ (0, pi/2], ρ > 0 and τ = 1 + 1/ sin θ . Let Ω and ω0 be two open sets
in Rn such that ω0 ⊂ Ω and ω0 satisfies the cone property with radius ρ and angle θ . Then,
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for any discrete set A ⊂ Ω such that δ(Ω , A) ≤ ρ/τ , we have δ(ω0, A0) ≤ τ δ(Ω , A), where
A0 = A ∩ ω0.
Proof. (1) Since A has no accumulation points, for all x ∈ Ω , there exists a point a(x) ∈ A such
that |x − a(x)| = dist (x, A). It is clear that dist (x, A0) = dist (x, A), if a(x) ∈ ω0, and
dist (x, A0) ≥ dist (x, A), otherwise.
(2) Let x ∈ ω0. By hypothesis, there exists a unit vector ξ(x) such that the cone C(x, ξ(x), θ, ρ)
is contained in ω0. Let y = x +
(
δ(Ω , A)/ sin θ
)
ξ(x) and let a(y) ∈ A such that
|y − a(y)| = dist (y, A). Since δ(Ω , A) ≤ ρ/τ , the closed ball with centre y and radius
δ(Ω , A) is contained in C(x, ξ(x), θ, ρ) and so in ω0. Hence, since |y − a(y)| ≤ δ(Ω , A),
the point a(y) belongs to ω0, which implies, by item (1), that dist (y, A0) = dist (y, A).
Consequently, we have
dist (x, A0) ≤ |x − y| + dist (y, A0) = δ(Ω , A)sin θ + dist (y, A) ≤ τ δ(Ω , A).
We conclude that δ(ω0, A0) ≤ τ δ(Ω , A). 
2.2. Sobolev and Beppo–Levi spaces
Let Ω be a domain of Rn , p ∈ [1,∞] and r ∈ N (resp. r ∈ (0,∞) \ N). We shall denote by
W r,p(Ω) the usual Sobolev space of integer order (resp. of non-integer order) r defined by
W r,p(Ω) = {v ∈ L p(Ω) | ∀α ∈ Nn, |α| ≤ r, ∂αv ∈ L p(Ω)}
(resp. by
W r,p(Ω) = {v ∈ W brc,p(Ω) | |v|r,p,Ω <∞}).
In the latter relation, | · |r,p,Ω is the semi-norm defined by
|v|pr,p,Ω =
∑
|α|=brc
∫
Ω×Ω
|∂αv(x)− ∂αv(y)|p
|x − y|n+p(r−brc) dx dy <∞, (2.2)
if p <∞, and
|v|r,∞,Ω = max|α|=brc ess supx,y∈Ω
x 6=y
|∂αv(x)− ∂αv(y)|
|x − y|r−brc <∞. (2.3)
We recall that the derivatives ∂αv are taken in the distributional sense.
The integer order Sobolev space W r,p(Ω) is endowed with the semi-norms | · | j,p,Ω , with
j ∈ {0, . . . , r}, and the norm ‖ · ‖r,p,Ω given, if p <∞, by
|v| j,p,Ω =
(∑
|α|= j
∫
Ω
|∂αv(x)|p dx
)1/p
(2.4)
and
‖v‖r,p,Ω =
(
r∑
j=0
|v|pj,p,Ω
)1/p
,
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or, if p = ∞, by
|v| j,∞,Ω = max|α|= j ess supx∈Ω
|∂αv(x)| (2.5)
and
‖v‖r,∞,Ω = max
0≤ j≤r
|v| j,∞,Ω .
The non-integer order space W r,p(Ω) is endowed with the semi-norms | · | j,p,Ω , with j ∈
{0, . . . , brc}, the semi-norm | · |r,p,Ω defined by (2.2) or (2.3), and the norm
‖v‖r,p,Ω =
{(
‖v‖pbrc,p,Ω + |v|pr,p,Ω
)1/p
, if 1 ≤ p <∞,
max
{‖v‖brc,∞,Ω , |v|r,∞,Ω} , if p = ∞.
Let Ω be again a domain of Rn , p ∈ [1,∞] and r ∈ [0,∞). Now, we shall denote by
W˙ r,p(Ω) the space of all distributions v on Ω whose brcth order derivatives are functions such
that |v|r,p,Ω <∞, the semi-norm | · |r,p,Ω being defined by (2.4) or (2.5) with j = r , if r ∈ N,
and by (2.2) or (2.3), if r ∈ (0,∞) \ N. The spaces W˙ r,p(Ω) are Beppo–Levi spaces (cf. for
example, for r ∈ N∗, Deny and Lions [5], Necˇas [13]).
Let us write ω ⊂⊂ Ω to specify that ω is an open subset such that ω is compact and contained
inΩ . We shall denote by W r,ploc (Ω) (resp. by W˙
r,p
loc (Ω)) the space of all distributions v onΩ which
are locally in W r,p(Ω) (resp. in W˙ r,p(Ω)), i.e. such that, for any subset ω ⊂⊂ Ω , the restriction
v|ω belongs to W r,p(ω) (resp. to W˙ r,p(ω)).
Proposition 2.2. Let r ∈ (0,∞) and let p ∈ [1,∞]. Let Ω be a domain of Rn . If v is in
W˙ r,p(Ω), then v is locally in W r,p(Ω).
Proof (Madaune-Tort [8]). We shall successively consider the cases r integer and r non-integer.
Case r integer. If p <∞, the result is classical: cf. Necˇas [13, Theorem 2.7.5]. Likewise, it could
be deduced, even for p = ∞, from Meinguet [11]. Nevertheless, let us give a direct proof. In
fact, we shall show the stronger inclusion W˙ r,ploc (Ω) ⊂ W r,ploc (Ω). We reason by induction on r :
(1) Let r = 1. If v ∈ W˙ 1,ploc (Ω), it is clear that, for i = 1, . . . , n, ∂v/∂xi ∈ L ploc(Ω). By Krylov’s
Theorem (cf. Schwartz [15], p. 181, if Ω = Rn , or p. 184, otherwise), it follows that v
belongs to L ploc(Ω). Hence, v belongs to W
1,p
loc (Ω).
(2) Assume that W˙ r−1,ploc (Ω) ⊂ W r−1,ploc (Ω). Let v ∈ W˙ r,ploc (Ω). For any α ∈ Nn such that |α| =
r −1, ∂αv belongs to W˙ 1,ploc (Ω) and so, by (1), to W 1,ploc (Ω). Hence, v belongs to W˙ r−1,ploc (Ω),
which, by hypothesis, is contained in W r−1,ploc (Ω). We conclude that v ∈ W r,ploc (Ω).
Case r non-integer. Let v ∈ W˙ r,p(Ω), let α ∈ Nn such that |α| = brc and let ω ⊂⊂ Ω . If
p <∞, it is clear that
1
(diam ω)n+p(r−brc)
∫
ω×ω
|∂αv(x)− ∂αv(y)|p dx dy
≤
∫
ω×ω
|∂αv(x)− ∂αv(y)|p
|x − y|n+p(r−brc) dx dy ≤ |v|
p
r,p,Ω <∞.
Hence, by Fubini’s Theorem, for almost all y ∈ ω, the mapping
x 7→ |∂αv(x)− ∂αv(y)|p
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is integrable on ω, which implies that ∂αv belongs to L p(ω). Analogously, if p = ∞, for almost
all x ∈ ω and y ∈ ω, we have
|∂αv(x)− ∂αv(y)| ≤ |v|r,∞,Ω (diamω)r−brc.
Thus, for almost all y ∈ ω, the mapping
x 7→ |∂αv(x)− ∂αv(y)|
is bounded a.e. on ω. So ∂αv belongs to L∞(ω). In any case, we conclude that W˙ r,p(Ω) ⊂
W˙ brc,ploc (Ω).
Now, the proof of the integer case shows that W˙ brc,ploc (Ω) ⊂ W brc,ploc (Ω). Therefore, we get the
inclusion W˙ r,p(Ω) ⊂ W brc,ploc (Ω), which yields the result, taking into account that
∀ω ⊂⊂ Ω , ∀v ∈ W˙ r,p(Ω), |v|r,p,ω ≤ |v|r,p,Ω . 
Remark 2.3. As a consequence of Proposition 2.2 and the Sobolev Imbedding Theorem (cf.
Adams [1, Theorem 7.57] or, for example, [2, Proposition 2.1]), the elements of W˙ r,p(Ω) can
be identified with continuous functions on Ω whenever r > n/p, if p ∈ (1,∞], or r ≥ n, if
p = 1. 
3. An estimate for bounded L[ρ, θ]-domains
From now on, we shall make constant use of the parameters denoted by p, q, ~, r and l0. The
following hypothesis states their admissible values:∣∣∣∣∣∣∣∣
• p, q, ~ ∈ [1,∞], with max{p, ~} ≤ q ,
• r is a real number such that r ≥ n, if p = 1, r > n/p,
if 1 < p <∞, or r ∈ N∗, if p = ∞,
• l0 = r − n(1/p − 1/q).
(3.1)
The starting point to obtain the first of our main results is the following theorem, which, in
fact, is a variant of the Sobolev bounds established in [2].
Theorem 3.1. Let ω be a bounded L[ρ, θ]-domain of Rn , for some ρ > 0 and θ ∈ (0, pi/2].
Suppose that p, q, ~, r and l0 satisfy (3.1). Then, there exist two positive constants d (dependent
on θ , ρ, n and r) and C (dependent on θ , n, r , p, q and ~) such that the following property
holds: for any finite set A ⊂ ω such that δ(Ω , A) ≤ d, for any u ∈ W˙ r,p(Rn) and for any
l = 0, . . . , dl0e − 1, we have
|u|l,q,ω ≤ C
(
δ(Ω , A)r−l−n(1/p−1/q)|u|r,p,Rn + δ(Ω , A)n/q−l‖u|A‖~
)
. (3.2)
This bound also holds for l = l0 provided that
r ∈ N∗ and either p < q <∞ and l0 ∈ N, or (p, q) = (1,∞), or p = q. (3.3)
Proof (Sketch of the Proof). The proof is very close to that of Theorem 4.1 in [2], so it is not
worth writing it in detail here. In fact, it suffices to take into account the following considerations.
Theorem 4.1 in [2] establishes a bound almost identical to (3.2), namely
|u|l,q,ω ≤ C
(
δ(Ω , A)r−l−n(1/p−1/q)+ |u|r,p,ω + δ(Ω , A)n/γ−l‖u|A‖~
)
. (3.4)
204 R. Arcange´li et al. / Journal of Approximation Theory 161 (2009) 198–212
Here, the function u belongs to W r,p(ω), the parameters p, q and ~ can be freely chosen in
[1,∞], and γ = max{p, q, ~}. But the key difference is that the constant C depends on θ , n,
r , p, q , ~ and also on the set ω. Our purpose in Section 4 is to pass to the limit in (3.4), once
adapted, as diamω→∞, so we need to control or, even better, avoid the dependency of C on ω.
An inspection of the proof of (3.4) shows that such a dependency is due to the following facts:
(a) the use of the bound
∀v ∈ W r,p(ω), |P˜v|r,p,Rn ≤ C |v|r,p,ω, (3.5)
where P˜ is the extension operator from W r,p(ω) into W r,p(Rn) + Pk , with k = dre − 1,
defined in [2, Proposition 3.2], and C is a constant that depends on ω, n, r and p,
(b) if p ≤ q < ∞, the presence of the term M (1/q−1/~)+2 in [2, (4.6)], where M2 =(√
n(diamω)/2
)n (cf. [2, proof of Proposition 3.1]),
(c) if p > q, the introduction of the factor (meas ω)1/q−1/p.
To cope with point (a), we replace functions in W r,p(ω) by functions in W˙ r,p(Rn), which,
by Proposition 2.2, belong to W r,ploc (R
n). Hence, there is no need for an extension operator and
so the bound (3.5) is no longer used. Likewise, we get rid of points (b) and (c) by imposing the
restrictions ~ ≤ q and p ≤ q (i.e. max{p, ~} ≤ q). With these changes, the proof of Theorem 4.1
in [2] also establishes Theorem 3.1. Let us remark, for example, that, for q < ∞, the relation
(4.6) in [2] is essentially the bound (3.2). 
Remark 3.2. The constant d in Theorem 3.1 is explicitly given by d = ρ/(2Rτ), where
τ = 1 + 1/ sin θ and R is a constant greater than 1 which depends on n and r through the
following condition: the ball B(0, R) contains K balls B1, . . . , BK of radius 1 such that Π Ki=1 Bi
is a compact subset of (Rn)K formed by Pk-unisolvent tuples, with k = dre−1 and K = dim Pk .
For example, for r = n = 2, we have R > 7/3. 
4. Estimates on unbounded domains
Definition 4.1. Let Ω be an unbounded domain in Rn , and let ρ > 0 and θ ∈ (0, pi/2]. We
say that Ω satisfies property C[ρ, θ], or that Ω is a C[ρ, θ]-domain, if there exists a sequence
(ων)ν∈N∗ of subsets of Rn such that:
(C1) For all ν ∈ N∗, ων is a L[ρ, θ]-domain.
(C2) For all ν ∈ N∗, ων ⊂⊂ Ω and ων ⊂ ων+1.
(C3) Ω =⋃ν∈N∗ ων .
We shall also say that (ων)ν∈N∗ is the filling sequence of Ω .
Remark 4.2. It follows from (C1) and (C3) that a C[ρ, θ]-domain always satisfies the cone
property with radius ρ and angle θ , even if its boundary is not locally Lipschitz-continuous
(cf. the last one of the examples given below). Likewise, the condition ων ⊂⊂ Ω given in (C2)
is not really needed in this section. Its role will be made clear later, in Theorem 5.4. 
Remark 4.3. Let us illustrate the preceding definition. In the following examples we detail the
set Ω and the vth element of a sequence (ων)ν∈N∗ for which (C1)–(C3) hold, i.e. a filling
sequence of Ω . It should be understood that ρ and θ are any pair of numbers for which ω1
satisfies the cone property with radius ρ and angle θ . Let us denote by α (resp. by h) a number
belonging to (0, pi/2) (resp. a positive number):
• Ω = Rn , ων = B(0, ν).
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• Ω = Rn+ = {(x, y) ∈ Rn−1 × R | y > 0} (a half space), ων = B(cν, ν), with
cν = (0, ν + 1/ν).
• Ω = {(x, y) ∈ Rn−1 × R | |x | < y tanα} (an infinite cone of angle α), ων = {(x, y) ∈
Rn−1×R | |x | < (y−1/ν) tanα, y < ν+1/ν}, where we have denoted by | · | the Euclidean
norm in Rn−1.
• Ω = {(x, y) ∈ Rn−1 × R | −h < y < h} (a layer of thickness 2h), ων = (−ν, ν)n−1 ×
(−h + 1/ν, h − 1/ν).
To check property C[ρ, θ] in the first three examples, it suffices to note that the homothecy
which maps ω1 onto ων transforms any cone of angle θ and radius ρ into a cone of angle θ and
radius νρ. For the fourth example, we reason in a different way. Each point (x, y) in ων , for
ν > 1, belongs to some set Qx × (−h+ 1/ν, h− 1/ν), where Qx is deduced by translation from
the open unit (n − 1)-square. In this operation, any cone in ω1 is transformed into a congruent
one.
Many sets Ω with more complex geometries can also be devised. For example, it can be
checked that the epigraph of a Lipschitz-continuous function g : Rn−1 → R, i.e. the set Ω =
{(x, y) ∈ Rn−1 × R | y > g(x)}, also satisfies property C[ρ, θ] for any ρ > 0 and, for example,
θ = (pi/2−arctan L)/2, L being the Lipschitz constant of g. Of course, we have an analog result
changing epigraph into hypograph. In fact, the Lipschitz-continuous regularity of g is not even
always necessary. For instance, let Ω ⊂ R2 be the epigraph of g(x) = −√|x |. This set enjoys
property C[ρ, θ], taking ων = {(x, y) ∈ R2 | |x | < ν, ν > y > min(1/(2ν), 1/ν + g(x))}. 
Lemma 4.4. Let Ω be an unbounded C[ρ, θ]-domain of Rn , for some ρ > 0 and θ ∈ (0, pi/2],
and let (ων)ν∈N∗ be its filling sequence. Let τ ∗ ∈ (0, 1). Then, for any discrete set A ⊂ Ω , there
exists an integer ν0 (depending on A), such that, for any ν ≥ ν0, τ ∗ δ(Ω , A) ≤ δ(ων, Aν), where
Aν = A ∩ ων .
Proof. By definition of δ(Ω , A), there exists a sequence (xk)k∈N∗ ⊂ Ω such that δ(Ω , A) =
limk→∞ dist (xk, A). So, since τ ∗ ∈ (0, 1), there exists k0 ∈ N? such that dist (xk0 , A) ≥
τ ∗ δ(Ω , A). Moreover, by (C2) and (C3), there exists an integer ν0 such that, for all ν ≥ ν0,
xk0 ∈ ων . Hence, we finally get
∀ν ≥ ν0, δ(ων, Aν) ≥ dist (xk0 , Aν) ≥ dist (xk0 , A) ≥ τ ∗ δ(Ω , A). 
Theorem 4.5. Let Ω be an unbounded C[ρ, θ]-domain of Rn , for some ρ > 0 and θ ∈ (0, pi/2].
Suppose that p, q, ~, r and l0 satisfy (3.1). Then, there exist two positive constants d∗ (dependent
only on θ , ρ, n and r) and C (dependent only on θ , n, r , p, q and ~) such that the following
property holds: for any discrete set A ⊂ Ω such that δ(Ω , A) ≤ d∗, for any u ∈ W˙ r,p(Rn) and
for any l = 0, . . . , dl0e − 1, we have
|u|l,q,Ω ≤ C
(
δ(Ω , A)r−l−n(1/p−1/q)|u|r,p,Rn + δ(Ω , A)n/q−l‖u|A‖~
)
. (4.1)
This bound also holds for l = l0 if (3.3) is satisfied.
Proof. Let d∗ = d/τ , where d is the constant introduced in Theorem 3.1 and τ = 1 + 1/ sin θ .
We note that, by Remark 3.2, d∗ ≤ ρ/τ . Likewise, let lmax = l0, if (3.3) holds, or lmax = dl0e−1,
otherwise.
Let (ων)ν∈N∗ be a filling sequence of Ω . Let A be a discrete subset of Ω such that δ(Ω , A) ≤
d∗. For any ν ∈ N∗, we write Aν = A ∩ ων .
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It follows from Lemma 2.1 that, for any ν ∈ N∗, δ(ων, Aν) ≤ d. By (C1) and Theorem 3.1,
for any u ∈ W˙ r,p(Rn) and for l = 0, . . . , lmax, we have
|u|l,q,ων ≤ C
(
δ(ων, Aν)
r−l−n(1/p−1/q)|u|r,p,Rn + δ(ων, Aν)n/q−l‖u|Aν‖~
)
, (4.2)
where the constant C only depends on θ , n, r , p, q and ~. Now, since Aν ⊂ A, it is clear that
‖u|Aν‖~ ≤ ‖u|A‖~ . Likewise, for ν big enough, by Lemmas 2.1 and 4.4 (with τ ∗ = 1/τ ), we
have τ−1δ(Ω , A) ≤ δ(ων, Aν) ≤ τ δ(Ω , A). Consequently, for ν big enough, we obtain
|u|l,q,ων ≤ C max{τ r−l−n(1/p−1/q), τ |n/q−l|}
×
(
δ(Ω , A)r−l−n(1/p−1/q)|u|r,p,Rn + δ(Ω , A)n/q−l‖u|A‖~
)
.
It then suffices to take limits as ν → ∞, since, by (C2), and (C3), the sequence (|u|l,q,ων )n∈N∗
is increasing and |u|l,q,ων → |u|l,q,Ω as ν → ∞ (for q < ∞, this is a consequence of the
Monotone Convergence Theorem). 
Remark 4.6. The terms of Remark 1.2, with some variations, remain valid for Theorem 4.5.
Given u ∈ W˙ r,p(Rn), the theorem makes sense when u|A belongs to `~ . Then, it shows that
u ∈ W lmax,q(Ω), with lmax defined as in the preceding proof, and that the right-hand side of (4.1)
is an estimate of the W lmax,q(Ω) semi-norms of u in terms of the `~ norm of its values on A and
its | · |r,p,Rn semi-norm. 
5. Extension results
Theorem 4.5 has been established for functions u satisfying the hypothesis u ∈ W˙ r,p(Rn).
However, this condition is not really satisfactory. Since (4.1) yields a bound of the Sobolev semi-
norms |u|l,q,Ω , one can expect to see also a semi-norm over Ω on the right-hand side of (4.1).
But, in that case, it is questionable why the function u should be defined on Rn .
At the origin of this objection we find Theorem 3.1. We have explained in the sketch of its
proof that the condition u ∈ W˙ r,p(Rn) allows us to easily obtain a variant of Theorem 4.1
in [2] suitable for our purposes. The reason for such a condition is to avoid the use of (3.5). Of
course, other variants are possible, leading to versions of Theorem 4.5 not so exigent about the
domain on which functions must be defined. For example, a closer inspection of the proof of
Theorem 4.1 in [2] shows that, given a bounded L[ρ, θ]-domain ω, one only needs to handle
functions defined on balls contained in the set ω + B(0, ρ). In other words, it suffices to take
functions in W˙ r,p(O), where O is an open set in Rn such that ω ⊂ O and dist (ω, ∂O) > ρ,
∂O being the boundary of O. In such a case, one obtains (3.2) with |u|r,p,O instead of |u|r,p,Rn .
Consequently, this replacement can also be done in (4.1), where the open set O now contains Ω
and dist (Ω , ∂O) > ρ.
Actually, in a result like Theorem 4.5, the right hypothesis is u ∈ W˙ r,p(Ω). But then it seems
obligatory to face the analysis of the “extension operator problem”: in (3.5), the constant C
depends on the bounded set ω in an implicit, unknown way, preventing any attempt of control
when diamω → ∞. Hence, it is necessary to devise a new extension operator from W r,p(ω)
into W r,p(Rn) + Pk satisfying a relation like (3.5), where the corresponding constant C should
depend explicitly on ω. In what follows, we shall show how this can be achieved thanks to the
notion of affine-equivalence and we shall obtain a version of Theorem 4.5 valid, as wished,
for functions u ∈ W˙ r,p(Ω), at the price, however, of a substantial reduction in the range of
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admissible unbounded domains Ω . Anyway, this approach suffices to treat many examples, such
as those itemized in Remark 4.3.
We recall that two open subsets ω and ω̂ ofRn are affine-equivalent if there exists an invertible
affine mapping F : xˆ 7→ Lxˆ + c, with L ∈ L(Rn,Rn) and c ∈ Rn , such that ω = F(ω̂) (cf.
Ciarlet [4]). Any function vˆ : ω̂→ R (respectively, any function v : ω→ R) is associated with
the function v = vˆ ◦ F−1 (respectively, the function vˆ = v ◦ F). In these conditions, writing
‖L‖ = sup|xˆ |≤1 |Lxˆ | and ‖L−1‖ = sup|x |≤1 |L−1x |, we have
Proposition 5.1. Let ω and ω̂ be two affine-equivalent bounded open subsets of Rn with a
Lipschitz-continuous boundary. Let p ∈ [1,∞] and r ≥ 0. Then, for any function v belonging
to W r,p(ω), the function vˆ belongs to W r,p(ω̂) and vice versa. Moreover, there exists a constant
C > 0, which depends only on n, r and p, such that
(i) ∀v ∈ W r,p(ω), |vˆ|r,p,ω̂ ≤ C‖L‖µ | det L|−β |v|r,p,ω,
(ii) ∀vˆ ∈ W r,p(ω̂), |v|r,p,ω ≤ C‖L−1‖µ | det L|β |vˆ|r,p,ω̂,
where either µ = r and β = 1/p, if r ∈ N, or µ = r + n/p and β = 2/p, otherwise.
Proof. Cf. Ciarlet [4, Theorem 3.1.2], if r ∈ N, and Sanchez and Arcange´li [14, Theorem 5.2],
otherwise. 
Hereafter, for any bounded open set ω, the quotient
diam (ω)/ sup{diam B | B is a ball contained in ω}.
will be denoted by λ(ω).
Proposition 5.2. Let ω̂ be a bounded domain in Rn with a Lipschitz-continuous boundary. Let
p ∈ [1,∞], let r be a real number such that r > (n/p−n/2)+, if p <∞, or r ∈ N∗, if p = ∞,
and let k = dre−1. Then, for any bounded domain ω inRn with a Lipschitz-continuous boundary
and affine-equivalent to ω̂, there exists a linear operator P : W r,p(ω) → W r,p(Rn) + Pk such
that, for any v ∈ W r,p(ω), Pv|ω = v and
|Pv|r,p,Rn ≤ C λ(ω)µ |v|r,p,ω, (5.1)
where the constant C depends on ω̂, n, r and p, and µ = r , if r ∈ N∗, or µ = r + n/p,
otherwise.
Proof. Let ω be any bounded domain in Rn with a Lipschitz-continuous boundary and affine-
equivalent to ω̂. So there exists a bijective affine mapping F : xˆ 7→ Lxˆ + c, with L ∈ L(Rn,Rn)
and c ∈ Rn , such that F(ω̂) = ω. Let us consider the operators Π1 and Π2 given by
Π1 : v ∈ W r,p(ω) 7→ v ◦ F ∈ W r,p(ω̂) (5.2)
and
Π2 : v˜ ∈ W r,p(Rn)+ Pk 7→ v˜ ◦ F−1 ∈ W r,p(Rn)+ Pk . (5.3)
Likewise, by Proposition 3.2 in [2], there exists a linear operator P̂ : W r,p(ω̂)→ W r,p(Rn)+ Pk
satisfying
∀vˆ ∈ W r,p(ω̂), P̂ vˆ|ω̂ = vˆ and |P̂ vˆ|r,p,Rn ≤ Ĉ |vˆ|r,p,ω̂, (5.4)
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where the constant Ĉ depends on ω̂, n, r and p. Then, we set
P = Π2 P̂Π1, (5.5)
which is clearly a linear operator from W r,p(ω) into W r,p(Rn)+ Pk . Let us see first that P is, in
fact, an extension operator. For all v ∈ W r,p(ω) and for almost all x ∈ ω,
Pv(x) = (Π2 P̂Π1v)(x) = (P̂Π1v)(F−1(x)) = (Π1v)(F−1(x))
= (v ◦ F)(F−1(x)) = v(x),
because F−1(x) ∈ ω̂ and P̂Π1v = Π1v a.e. in ω̂. So, for all v ∈ W r,p(ω), Pv|ω = v.
Now, let us prove (5.1). Let v be any element in W r,p(ω). Then P̂Π1v ∈ W r,p(Rn)+ Pk , and
we can write P̂Π1v = uˆ + ψˆ , with uˆ ∈ W r,p(Rn) and ψˆ ∈ Pk . Since ψˆ ◦ F−1 ∈ Pk ,
|Pv|r,p,Rn = |Π2(uˆ + ψˆ)|r,p,Rn = |uˆ ◦ F−1 + ψˆ ◦ F−1|r,p,Rn = |uˆ ◦ F−1|r,p,Rn . (5.6)
For any n ∈ N∗, applying Proposition 5.1 to the pair of affine-equivalent, bounded open subsets
B(0, ν) and F−1(B(0, ν)), we have
|uˆ ◦ F−1|r,p,B(0,ν) ≤ C‖L−1‖µ | det L|β |uˆ|r,p,F−1(B(0,ν)),
where C depends only on n, r and p. Now, the sets F−1(B(0, ν)), as well as the balls B(0, ν),
form an increasing sequence whose union is Rn . Hence, passing to the limit as ν → ∞ in the
preceding relation, we get, with the help, for p <∞, of the Monotone Convergence Theorem,
|uˆ ◦ F−1|r,p,Rn ≤ C‖L−1‖µ | det L|β |uˆ|r,p,Rn . (5.7)
Then, using, in order, (5.6), (5.7), the fact that ψˆ ∈ Pk , the relation P̂Π1v = uˆ + ψˆ , (5.4) and
Proposition 5.1, we derive that
|Pv|r,p,Rn ≤ C‖L−1‖µ | det L|β |uˆ|r,p,Rn = C‖L−1‖µ | det L|β |uˆ + ψˆ |r,p,Rn
= C‖L−1‖µ | det L|β |P̂Π1v|r,p,Rn ≤ Ĉ C‖L−1‖µ | det L|β |Π1v|r,p,ω̂
≤ Ĉ C2‖L−1‖µ‖L‖µ |v|r,p,ω,
hence (5.1), taking into account that, by Theorem 3.1.3 in Ciarlet [4], ‖L−1‖ ‖L‖ ≤
λ(ω̂) λ(ω). 
Let us now establish a new variant of Theorem 4.1 in [2].
Theorem 5.3. Let ω be a bounded L[ρ, θ]-domain of Rn , for some ρ > 0 and θ ∈ (0, pi/2],
which is affine-equivalent to a bounded domain ω̂ with a Lipschitz-continuous boundary. Suppose
that p, q, ~, r and l0 satisfy (3.1). Then, there exist two positive constants d (dependent on θ , ρ,
n and r) and C (dependent on ω̂, θ , n, r , p, q and ~) such that the following property holds: for
any finite set A ⊂ ω such that δ(Ω , A) ≤ d, for any u ∈ W r,p(ω) and for any l = 0, . . . , dl0e−1,
we have
|u|l,q,ω ≤ C λ(ω)µ
(
δ(Ω , A)r−l−n(1/p−1/q)|u|r,p,ω + δ(Ω , A)n/q−l‖u|A‖~
)
,
where µ = r , if r ∈ N∗, or µ = r + n/p, otherwise. This bound also holds for l = l0 if (3.3) is
satisfied.
Proof. The proof is almost identical to that of [2, Theorem 4.1]. This time, it suffices to replace
the extension operator P˜ defined in [2, Proposition 3.2] by that given by Proposition 5.2, and
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to take into account the restriction max{p, ~} ≤ q. We remark that d is exactly the constant of
Theorem 3.1. 
We can now establish the announced version of Theorem 4.5 in which the assumption on the
functions is weakened to the hypothesis u ∈ W˙ r,p(Ω).
Theorem 5.4. Let Ω be an unbounded C[ρ, θ]-domain of Rn , for some ρ > 0 and θ ∈ (0, pi/2],
which has a filling sequence (ων)ν∈N∗ made up of domains affine-equivalent to the same bounded
domain ω̂ with a Lipschitz-continuous boundary and such that (λ(ων))ν∈N∗ is bounded. Likewise,
suppose that p, q, ~, r and l0 satisfy (3.1). Then, there exist two positive constants d∗ (dependent
only on θ , ρ, n and r) and C (dependent only on ω̂, θ , n, r , p, q and ~) such that the following
property holds: for any discrete set A ⊂ Ω such that δ(Ω , A) ≤ d∗, for any u ∈ W˙ r,p(Ω) and
for any l = 0, . . . , dl0e − 1, we have
|u|l,q,Ω ≤ C Λµ
(
δ(Ω , A)r−l−n(1/p−1/q)|u|r,p,Ω + δ(Ω , A)n/q−l‖u|A‖~
)
,
where Λ = supν∈N∗ λ(ων), and µ = r , if r ∈ N∗, or µ = r + n/p, otherwise. This bound also
holds for l = l0 if (3.3) is satisfied.
Proof. It suffices to follow the same reasoning as in the proof of Theorem 4.5, with only a small
variation. Instead of Theorem 3.1, which yields (4.2), we now apply Theorem 5.3. To this end,
we observe that, by Proposition 2.2, W˙ r,p(Ω) ⊂ W r,ploc (Ω). Hence, taking (C2) into account, for
any ν ∈ N∗ and for any u ∈ W˙ r,p(Ω), which consequently belongs to W r,p(ων), we get
|u|l,q,ων ≤ C λ(ων)µ
(
δ(ων, Aν)
r−l−n(1/p−1/q)|u|r,p,ων + δ(ων, Aν)n/q−l‖u|Aν‖~
)
, (5.8)
where the constant C only depends on ω̂, θ , n, r , p, q and ~. We bound above the term λ(ων)µ
by Λµ. Then, taking Lemmas 2.1 and 4.4 into account, as well as the Monotone Convergence
Theorem, we pass to the limit as ν →∞. The result follows. 
Remark 5.5. It is readily seen that Theorem 5.4 can be applied to the examples of C[ρ, θ]-
domainsΩ itemized in Remark 4.3. We also point out that, using the terminology given in [4], the
filling sequence (ων)ν∈N∗ of Ω in the preceding theorem is a regular family of affine-equivalent
sets, in a sense, however, slightly different from that of P.G. Ciarlet, because it is not supposed
here that meas ων → 0 (in fact, this is not possible, since ων is a L[ρ, θ]-domain). 
We conclude this section with a direct generalization of Theorem 1.1, also based on the bound
given by Theorem 5.3. We need to introduce a new geometric property.
Definition 5.6. Let Ω be an open subset of Rn , let ρ > 0 and θ ∈ (0, pi/2], and let ω̂ be a
bounded domain in Rn with a Lipschitz-continuous boundary. We say that Ω satisfies property
U[ρ, θ, ω̂], or that Ω is an U[ρ, θ, ω̂]-open set, if there exists a countable family {ων}ν∈J of
subsets of Ω and an integer N > 0 such that
(U1) Ω =⋃ν∈J ων almost everywhere.
(U2) For all ν ∈ J , ων is a L[ρ, θ]-domain affine-equivalent to ω̂.
(U3) Almost every point x ∈ Ω is contained in no more than N sets of the family {ων}ν∈J .
(U4) supν∈J λ(ων) <∞.
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Remark 5.7. The preceding definition covers a wide range of sets, since it comprises, for
example, any bounded or unbounded open set which can be tesselated into a regular countable
family {ων}ν∈J of “reasonable” affine-equivalent sets (triangles, rectangles, tetrahedrons,
balls. . . ). The sets ων can be pairwise disjoint or have locally finite intersections.
Even more important is to observe that any open set having property (h, N ), which is the
geometric condition imposed in Theorem 1.1, also enjoys property U[ρ, θ, ω̂]. To see this, let
us recall that, given h > 0 and N ∈ N∗, an open set Ω ⊂ Rn is said to have property (h, N ) if
there exists a family of (open) cubes {ων}ν∈J satisfying (U1), (U3) and, in addition, that, for any
ν ∈ J , the side sν of ων belongs to (h, 2h] (cf. Madych [9, Definition 3.4]). But it is clear that
such a family of cubes is countable (by (U3)) and also satisfies (U2) and (U4): obviously, for
any ν ∈ J , λ(ων) = √n, and ων is a L[ρ, θ]-domain, for ρ ∈ (0, h/2) and some θ ∈ (0, pi/2]
(depending on n), affine-equivalent to ω̂ = (0, 1)n . 
Theorem 5.8. Let Ω be an U[ρ, θ, ω̂]-open subset of Rn , for some ρ > 0 and θ ∈ (0, pi/2]
and some bounded domain ω̂ with a Lipschitz-continuous boundary. Suppose that p, q, ~ and r
satisfy (3.1). Then, there exist two positive constants d∗ (dependent only on θ , ρ, n and r) and
C (dependent only on ω̂, θ , n, r , p, q and ~) such that the following property holds: for any
discrete set A ⊂ Ω such that δ(Ω , A) ≤ d∗, for any u ∈ W r,p(Ω) and for any l = 0, . . . , bn/qc,
we have
|u|l,q,Ω ≤ C Λµ
(
δ(Ω , A)r−l−n(1/p−1/q)|u|r,p,Ω + δ(Ω , A)n/q−l‖u|A‖~
)
,
where Λ = supν∈N∗ λ(ων), and µ = r , if r ∈ N∗, or µ = r + n/p, otherwise. In addition, this
bound also holds for any u ∈ W˙ r,p(Ω) whenever p ∈ [1,∞) and r ∈ N∗.
Proof. Once again, let d∗ = d/τ , where τ = 1 + 1/ sin θ and d is the constant introduced in
Theorem 3.1 or 5.3. Likewise, for any ν ∈ N∗, let Aν = A ∩ ων , A being any discrete subset of
Ω such that δ(Ω , A) ≤ d∗.
Now, for any ν ∈ N∗, by Lemma 2.1, we have δ(ων, Aν) ≤ d. Hence, by (U2) and
Theorem 5.3, for any u ∈ W r,p(Ω) and for l = 0, . . . , bn/qc, we get (5.8). In this inequality, we
first bound above λ(ων) by Λ; by Lemma 2.1, we also bound above δ(ων, Aν) by τδ(Ω , A). For
q < ∞, we then take the qth power on both sides of the inequality. Next, we sum up on ν, and
finally we use Jensen’s inequality to bound
∑
ν∈J |u|qr,p,ων and
∑
ν∈J ‖u|Aν‖q~ . We obtain∑
ν∈J
|u|ql,q,ων ≤ Cq Λqµ 2q−1 τ q(r−l−n(1/p−1/q))
×
δ(Ω , A)q(r−l−n(1/p−1/q)) (∑
ν∈J
|u|pr,p,ων
)q/p
+ δ(Ω , A)q(n/q−l)
(∑
ν∈J
‖u|Aν‖~~
)q/~ ,
from which we deduce the result, taking (U1) and (U3) into account. A similar reasoning can be
achieved for q = ∞.
Let us finally consider the case p ∈ [1,∞) and r ∈ N∗. Under such conditions on p and r , it
follows from Necˇas [13, Theorem 2.7.6] that, for any ν ∈ J , W˙ r,p(ων) = W r,p(ων). Hence, if
u ∈ W˙ r,p(Ω), then u ∈ W r,p(ων), for any ν ∈ J , and the above reasoning can be repeated step
by step. 
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Remark 5.9. Taking Remark 5.7 into account, it is clear that, except for p = ∞, Theorem 1.1
is just a particular case of Theorem 5.8. 
Remark 5.10. In Theorems 4.5, 5.4 and 5.8, we have proven bounds of the form
|u|l,q,Ω ≤ C∗
(
δ(Ω , A)r−l−n(1/p−1/q)|u|r,p,O + δ(Ω , A)n/q−l‖u|A‖~
)
,
whereO is either Rn or the unbounded domain Ω . The differences among these results concern:
(a) the geometric conditions imposed on Ω (either property C[ρ, θ] in Theorems 4.5 and 5.4 or
property U[ρ, θ, ω̂] in Theorem 5.8),
(b) the space to which the functions u belong (W˙ r,p(Rn) in Theorem 4.5, W˙ r,p(Ω) in
Theorem 5.4 and also in Theorem 5.8 if (p, r) ∈ [1,∞)×N∗, and W r,p(Ω) in the remaining
cases of Theorem 5.8),
(c) the range of admissible orders l for the Sobolev semi-norms (l = 0, . . . , dl0e − 1 in
Theorems 4.5 and 5.4, and l = 0, . . . , bn/qc in Theorem 5.8).
Concerning item (c), we clarify that, in Theorem 5.8, the range of the orders l has been restricted
to avoid the introduction of a supplementary quasi-uniformity condition on the sets A. In fact,
that result also holds for l = bn/qc + 1, . . . , dl0e − 1 (or even l0 if (3.3) is satisfied) whenever,
in addition, δ(Ω , A) ≤ τˆq(A), where q(A) = 12 min{|x − y| | x, y ∈ A, x 6= y} is the separation
radius of A and τˆ is a constant independent of A.
With respect to the geometric conditions, it is worth pointing out that properties C[ρ, θ] and
U[ρ, θ, ω̂] apply to different classes of sets, since there are open sets satisfying only one of
them. For example, the epigraphs of suitable functions may generally have property C[ρ, θ] but
not property U[ρ, θ, ω̂]. Conversely, connectedness is required by property C[ρ, θ], but not by
property U[ρ, θ, ω̂]. Of course, there are many sets enjoying both properties. In these cases,
perhaps property U[ρ, θ, ω̂] may seem simpler to be verified due to its “finite element” flavour.
However, in our opinion, property C[ρ, θ] is of a greater utility: it is absolutely necessary to deal,
in general, with open sets having curved boundaries. 
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